We study the renormalization of dimension four composite operators and the energy-momentum tensor in noncommutative complex scalar field theory. The proper operator basis is defined and it is proved that the bare composite operators are expressed via renormalized ones with the help of an appropriate mixing matrix which is calculated in the one-loop approximation. The number and form of the operators in the basis and the structure of the mixing matrix essentially differ from those in the corresponding commutative theory and in noncommutative real scalar field theory. We show that the energy-momentum tensor in the noncommutative complex scalar field theory is defined up to six arbitrary constants. The canonically defined energy-momentum tensor is not finite and must be replaced by the "improved" one, in order to provide finiteness. Suitable "improving" terms are found. Renormalization of dimension four composite operators at zero momentum transfer is also studied. It is shown that the mixing matrices are different for the cases of arbitrary and zero momentum transfer. The energy-momentum vector, unlike the energy-momentum tensor, is defined unambigously and does not require "improving", in order to be conserved and finite, at least in the one-loop approximation. * e-mail: bellucci@lnf.infn.it, joseph@tspu.edu.ru, krykhtin@mph.phtd.tpu.edu.ru
Introduction
The study of noncommutative field theories has attracted much attention lately, due to their profound links with the string theory [1] and remarkable properties in classical and quantum domains (see e.g. the reviews [9] [10] [11] ).
There exist two general aspects of renormalization procedure in any field theory. Firstly, the renormalization of Green functions or effective action and secondly, the renormalization of composite operators (see e.g. [2] for a discussion of this problem in the commutative theories). The problem of renormalization of Green's functions (i.e. fields, masses, and coupling constants) was studied for many noncommutative field theories to different approximation orders (see e.g. [3] [4] [5] [6] [7] [8] and the reviews [9] [10] [11] ).
The present paper is devoted to the problem of renormalization of composite operators and the energy-momentum tensor in noncommutative complex scalar field theory. The analogous problem in noncommutative real field theory was considered in [12] . As we will see, the renormalization of composite operators in noncommutative complex scalar field theory essentially differs from that in noncommutative real field theory.
1
A noncommutative field theory is usually constructed from the corresponding commutative theory, by replacing the pointwise product of the fields with the star one
where the constants θ µν are noncommutativity parameters with dimension of a length squared. The star product (1) is noncommutative, so, in contrast to the commutative field theories, there is a problem of ordering of the fields in the Lagrangian of noncommutative theory. In the noncommutative real scalar field theory there was only one kind of field and this problem was absent. Therefore in that case both commutative and noncommutative theories had one coupling constant. In the case of noncommutative complex scalar field theory we have two kinds of fields and the problem of fields ordering arises. Therefore we have to take into account all possible ways of field ordering. The action of the theory is the Lagrangian integrated over the whole space-time. However, when we integrate the star product (1) over the whole space-time, we can prove, integrating by parts, the following consequences:
Eq. (2) leads us to conclude that the free part of an action in noncommutative theory is the same as in the corresponding commutative model, and from eq. (3) we see that interaction terms which differ in the Lagrangian by a cyclic permutation are the same in the action. For example, in the theory of noncommutative comlex scalar field theory which we shall study, there are two different interaction terms [7, 11] and the action may be written as
Here there are two possibilities of ordering the operators in the interaction terms, therefore we can introduce in general two independent coupling constants, in contrast to the commutative case, where there is only one interaction and only coupling constant. This distinguishes the case of noncommutative complex scalar field theory from the real one and makes the consideration of the renormalization of composite operators in this theory also interesting.
In the present paper we study this problem and compare it with analogous problems both in noncommutative real scalar field theory and in commutative complex scalar field theory.
The paper is organized as follows. In the next section we derive the classical energymomentum tensor of the noncommutative complex scalar field theory which follows from the Noether's theorem and discuss some points concerning its derivation in the noncommutative case. In section 3 we present the general renormalization structure of dimension four composite operators and then in section 4 we renormalize these operators in the oneloop approximation. In section 5 we find that the energy-momentum tensor is divergent and, in order to make it finite, we need to add "improving" terms to it. These "improving" terms make the energy-momentum tensor traceless (apart from being finite), but the latter is conserved in the massless case only. Also we study the renormalization of composite operators at zero momentum transfer. This problem is considered in section 6. In section 7 we construct the energy-momentum vector of the theory which follows from the Neother's procedure and find it to be conserved and finite in the one-loop approximation. In the summary we briefly discuss our results.
Classical energy-momentum tensor
In this section we define the energy-momentum tensor of the noncommutative complex scalar field theory. The action (4) is invariant under the global translation
The Lagrangian (as well as the field functions) is changed under this transformation both because of changing the form of the field functions 2 (the first line of (6))δφ
A and because of changing the argument of the field functions δφ
A (the second line of (6)). Therefore we can rewrite (5) as follows:
Since
, the last line of (6) to the first order in ε µ reads
As far as the first line of (6) is concerned, we transform it as follows (changing
It should be noted here that in calculating this expression (and the equation of motion in the following) we have used the cyclic property (3) and therefore the integration region in the noncommutative directions is not arbitrary. Sinceδφ,
, µ and using the equations of motion we havē
Collecting together (7), (9) and using the arbitrariness of ε ν we find that
In the case of spatial noncommutativity θ 0i = 0 there are no time derivatives in the star product (1) and therefore the properties (2), (3) still hold when the integration is performed in space coordinates only. Therefore in eq. (10) the time integration region is arbitrary and we can write that
and so, the quantity
is conserved. As a result, in noncommutative field theories there are only global conservation laws of the energy-momentum and only in the case of spatial noncommutativity θ 0i = 0. Substituting the Lagrangian of the theory under consideration (4) in (11) we find 3 General renormalization structure of dimension four composite operators
In order to construct the renormalized energy-momentum tensor, we have to renormalize all the composite operators which enter into it. Before starting an explicit calculation of the renormalization of composite operators, let us describe the general situation. As well known (see e.g. [2] ), in order to renormalize some composite operator we need, in general, to take into account all composite operators with the same mass dimension, tensor structure, and symmetries. One can show that it is sufficient to renormalize the operators which constitute a basis of such operators [2] . The operators which enter into the energy-momentum tensor (15) are hermitian operators with mass dimension four. Let us construct a corresponding operator basis. From a general point of view it is convenient also to include into the basis, together with other operators, the operators which are not renormalized and are related to the field equations in terms of bare (with index 0) or renormalized quantities
We construct the basis of the scalar hermitian composite operators with mass dimension four as follows:
for the bare and the renormalized operators respectively. Due to the noncommutativity of the multiplication rule (1), the operator basis (18) contains more operators in comparison with the corresponding commutative theory because we may order the fields in composite operators in different ways. For example, the hermitian operator (φ * φ) 2 in the commutative theory is a prototype for five different hermitian operators in the noncommutative theory (18) . This situation is typical for any noncommutative field theory. These operator basis are mixed by renormalization. By dimensional and symmetry analysis it may be shown that no more operators are required. We will write the relation (18) in the form
with Z being a mixing matrix. In the next section we calculate this mixing matrix Z and some more renormalization relations for composite operators, which we will use for the renormalization of the energy-momentum tensor in the one-loop approximation.
4 One-loop renormalization of dimension four composite operators
In this section we carry out the one-loop renormalization of all composite operators entering into the expression for the energy-momentum tensor (15) of the noncommutative complex scalar field theory. The general procedure of constructing the renormalized operators which is valid for both commutative and noncommutative theories was described in [12] . Here we follow this procedure. Before starting to renormalize the composite operators we need to renormalize all parameters of the theory. The one-loop renormalization of the field, the mass, and the coupling constants of the model may be found as a particular case of [8] and reads 
Let us consider the renormalization of the composite operator m 2 φ * ⋆ φ. Following the procedure described in [12] , in order to renormalize this operator we should add to the action (4) the term
with J being some arbitrary function (source), and then calculate all divergent one particle irreducible diagrams linear in J. There are six types of such diagrams which are shown in Figure 1 . Performing the Fourier transform of the fields φ * , φ and the source J φ * (x) = dp 1 2π
we get the following expression in momentum space for the first two diagrams (which correspond to the λ a interaction term) in Figure 1 2i
The expression (28) corresponds to diagram a in Figure 1 and has a UV divergence at any external momenta k, p 1 , p 2 (the so-called "planar" diagram). The expression (29) corresponds to diagram b (so-called "non-planar" diagram) and displays UV/IR mixing [4] : its divergence depends on the value of θ µν k ν . If θ µν k ν = 0, then we have a UV divergence as in the commutative theory. If θ µν k ν = 0 then the integral (29) is UV finite, but if we were to put k ν = 0 after carrying out the integration, then we would find it to be divergent (IR divergence). We suppose that θ µν k ν = 0, so only the expression (28) contains a UV divergence and for its subtraction we need to add a counterterm in the effective action.
An analogous consideration is valid for the other four diagrams in Figure 1 . We have for them the following expressions in momentum space:
The expression (30) corresponds to diagram c (planar diagram) and is UV divergent at any external momenta. Expressions (31), (32), (33) correspond to diagrams d, e, f in the figure. These diagrams are non-planar and their divergences depend on values of θ µν p 2ν , θ µν p 1ν , θ µν k ν respectively. This situation is analogous to that when we consider diagram b in Figure 1 . As in that case, we suppose that θ µν p 2ν = 0, θ µν p 1ν = 0, θ µν k ν = 0, so these diagrams have no UV divergences. Using dimensional regularization we find the UV divergent parts of (28) and (30)
respectively. As a result we get the following expression connecting the bare and renormalized operators:
From (36) we see that there is operator mixing here: in order to renormalize the operator m 2 0 φ * 0 ⋆ φ 0 , we have to take into account the operator
which are different due to noncommutativity of the multiplication (1) . Also the expression (36) differs from the corresponding renormalization relation in the commutative theory where, as it may easily be shown, one has
This situation is similar to that in the noncommutative real scalar field theory: in both cases the corresponding renormalization relations in noncommutative and commutative theories have different form.
In complete analogy we may calculate the renormalization of the operator m 
In the following we shall ignore the order of lines in vertices, which in noncommutative theories commonly are depicted in the proper cyclic order, reflecting the order of the fields in the action and the property (3). Therefore, for example, we could have shown all diagrams represented in Figure 1 with the help of only one of them, usually a or c. Now let us consider the renormalization of the operator ∂ µ φ * ⋆ ∂ ν φ. According the procedure described in [12] we should add to the action (4) the term
and renormalize all divergent one particle irreducible diagrams linear in J µν . These diagrams are shown in Figure 2 . As was explained above these diagrams are concise and contain both vertices with λ a and λ b interactions and both planar and nonplanar contributions to the generating functional of one particle irreducible diagrams. As usual we suppose that external momenta are not zero, therefore only planar diagrams have UV divergences and their contribution to the effective action is
for diagram a and
for diagram b. From (40) and (41) UV divergences may easily be extracted and the result is
for expression (40) and
for expression (41). Using (42) and (43) we get the one-loop renormalization relation for the operator The renormalization of the operator ∂ µ φ ⋆ ∂ ν φ * may be found by exchanging φ ↔ φ * in (44)
Let us consider the renormalization of the operator φ * ⋆ φ ⋆ φ * ⋆ φ. For this purpose we add to the action (4) the following term:
and calculate all one-loop UV divergent contributions to the effective action linear in J.
The diagrams which we need are shown in Figure 3 . Also we notice that in eq. (46) in order to keep the source J to be dimensionless, an arbitrary parameter µ with dimension of mass was introduced. The UV divergences which arise from these diagrams are
for diagram b, respectively. The result of the renormalization of the operator under consideration is
Exchanging φ ↔ φ * in (49) we find the renormalization of the operator φ ⋆ φ
Carrying out analogous calculations, we may find the renormalization relations for the remaining composite operators which enter into the energy-momentum tensor (15)
Using the renormalization relations which we have found in this section we can define the mixing matrix Z (19) in the one-loop approximation. In view of its huge size we write it in explicit form in Table 1 at page 13 of the article. Now we turn to the renormalization of the energy-momentum tensor (15) of the theory. The purpose of this section is to construct the finite operator of the energy-momentum tensor of the theory under consideration. Using the result of the previous section, we can see that the bare energy-momentum tensor
is not finite in the one-loop approximation. Substituting the expressions which relate the bare operators entering into the bare energy-momentum tensor with the renormalized ones (36), (38), (44), (45) (49-54) we find its divergences
Here [T µν ] is a finite quantity
In order to make the energy-momentum tensor (55) finite, we add to it all possible real terms having the same mass dimensions and symmetry with arbitrary coefficients, to be determined
Demanding that the expression (58) be finite in the one-loop approximation we find some restrictions on the arbitrary coefficients. From these restrictions we can determine only some of them, while the others are still arbitrary. Substituting the found coefficients back into (58) we get the general expression for the finite operator in the energy-momentum tensor of noncommutative complex scalar field theory
where we have introduced the following notation for the traceless operators which are finite in the one-loop approximation:
Let us notice that the ordering coefficients c 3 , c 4 , c 5 , c 6 do not enter into the general expression for the finite energy-momentum tensor (59) of the theory. As far as the undefined arbitrary coefficients d 1 , d 2 , d 9 , d 10 are concerned, the operators standing after them are finite in the one-loop approximation. For simplicity we make the coefficients standing before these finite operators to be zero by choosing
10 in a proper way. The resulting "improved" energy-momentum tensor is
If we consider the commutative limit θ µν → 0 of this expression, we get the improved energy-momentum tensor of the commutative complex scalar field theory up to the mass term. Let us also notice that the expression for the "improved" energy-momentum tensor (62) is traceless unlike the commutative case. This situation is completely analogous to the case of real field theory [12] : in the noncommutative case the "improved" energymomentum is traceless, and in the commutative limit it coincides with the "improved" energy-momentum tensor of the corresponding commutative theory up to the mass term.
Let us check if the "improved" energy-momentum tensor (62) leads to global conserved quantities. For this end we calculate its divergence
with {A, B} = A ⋆ B − B ⋆ A being the Moyal bracket. In the case of spatial noncommutativity θ 0i = 0 the Moyal bracket is a spatial divergence {A, B} = ∂ i C i , with C i being some functions of the fields of the theory. So, the expression (63) is a spatial divergence only in the case when µ is a spatial index because of the last line. In this case after integration over space coordinates we have ∂ ν J iν d 3 x = 0, and J i0 are conserved. The quantity J 00 is conserved if the mass of the field is zero. The same situation occurs in the noncommutative theory of a real scalar field [12] : the energy of the field is conserved in the massless case only.
It is interesting to note that the "improved" energy-momentum tensor (62) depends on the two arbitrary ordering coefficients c 1 and c 2 which do not influence its renormalizability, tracelessness and conservation conditions. 6 Renormalization of the composite operators at zero momentum transfer
The purpose of this section is to renormalize scalar hermitian composite operators of the theory under consideration at zero momentum transfer. As we have seen in the previous section (see e.g. (28), (29)), in noncommutative field theories the UV divergence of a diagram depends on the value of external momenta, so we need different counterterms if the momentum transfer (k in our formula) is equal to zero. This situation is typical for any noncommutative field theory (see the discussion of this problem in noncommutative real scalar field theory in [12] ). Since we may expand any operator on some basis it is sufficient to study renormalization of those operators which constitute a basis. We may take as a basis the operators (18) which are integrated over the whole space-time. However, because of the cyclic property (3) the number of independent operators is reduced. Also the operators which are a total divergence disappear when we integrate them over the whole space-time. We choose the following operators as a basis:
relation for composite operators at zero momentum transfer in the noncommutative theory is similar to the corresponding renormalization relation in the commutative theory [12] . As far as the remaining composite operators in (64) are concerned, the same situation occurs. Since one of the external momenta is zero the number of UV divergent diagrams becomes bigger. The renormalization relation for the composite operators at zero momentum transfer changes, in comparison with the case of arbitrary momentum transfer
As a result we have that the mixing matrix Z (0) in the one-loop approximation is
In the next section we study the energy-momentum vector which follows from the Noether's procedure.
Renormalization of the energy-momentum vector
The purpose of this section is to construct the finite and conserved energy-momentum vector of noncommutative complex scalar field theory. From expression (13) we may define it as
As we noted above, since θ 0i = 0, we have no time derivatives in the star product (1), and consequently, the properties (2) and (3) are still valid in the case of spatial integration only. Therefore we have no problem of field ordering, and the energy-momentum vector is defined unambiguously. It is evident that P µ is conserved in time ∂ 0 P µ = 0. Now we show that this operator is finite, at least in the one-loop approximation.
In order to prove the finiteness of the energy-momentum vector (72), we need to renormalize each of the six composite operators appearing in its expression. As an example, let us consider the renormalization of the operator m 2 0 φ * 0 ⋆ φ 0 d d−1 x. In order to renormalize such an operator, we put J(x) = δ(x 0 − t) in the integrand (24). In momentum space we have that J ∼ δ( k). In the case of spatial noncommutativity this leads to θ µν k ν = 0 and, apart from (28) and (30), also expressions (29) and (33) become UV divergent. This is the appearence of the UV/IR mixing: the divergences of a diagram depends on whether we put some of external momenta to zero before or after regularization is removed. As a result we have the following renormalization relation
This situation is similar to that in the noncommutative scalar field theory [12] : the energymomentum vectors which follow from the Noether's theorem are finite in both theories and do not require improving, but the energy-momentum tensors must be improved in order to be finite, and this improving makes them conserved only in the massless case.
Summary
In this paper we have derived with the help of the Noether's procedure the classical energymomentum tensor of the noncommutative complex scalar field theory. It was shown that it cannot be defined unambigously and its expression is defined up to six arbitrary ordering constants.
Next we have considered the renormalization of dimension four composite operators of the theory and have found that the renormalization of any composite operators of the theory demands to take into account all composite operators with the same mass dimension. This phenomenon is called operator mixing and is typical for the renormalization of composite operators of any theory. The proper bases of hermitian scalar operators have been constructed both for the bare and renormalized operators. Due to the noncommutativity the number of the operators in the bases is larger, in comparison with the commutative theory. The mixing matrix which expresses the bare operators of the basis in term of the renormalized ones is calculated in the one-loop approximation.
We considered the renormalization of the energy-momentum tensor which follows from the Noether's theorem and found it to be divergent in the one-loop approximation. In order to make it finite we have to add "improving" terms to it. The expression for the "improved" energy-momentum tensor has been calculated and shown to be, apart from traceless, conserved in the massless case only. Besides, some ordering constants do not enter into the expression for the "improved" energy-momentum tensor.
The renormalization of the composite operators at zero momentum transfer was also considered. The number of operators in the bases of such operators is reduced in comparison with the case of arbitrary momentum transfer, although it is bigger than in the corresponding commutative case due to the noncommutativity. The mixing matrix for the case of zero momentum transfer was calculated in the one-loop approximation. Finally we find that, as in the case of noncommutative real scalar field theory [12] , the energymomentum vector which follows from the Noether's theorem is conserved and finite in the one-loop approximation. 
